Low energy-induced vibration has been ignored, which, however, might lead to damage of a structure. The main purpose of this paper is to study the low energy small solution sequence of systems of Kirchhoff-type equations by the variational approaches. Our result shows that the low energy vibration can be controlled by setting the parameters and this can be used for optimization of structures under small perturbations, e.g. the bridge vibration under winds.
Introduction and main result
Vibration is the mechanical oscillation of a particle, member, or a body from its position of equilibrium. The vibrations sometimes may be very weak for identification and sometimes may be large and devastating such as earthquakes, winds, and tsunamis. 1, 2 In vibration study, there are two types of systems -discrete and continuous. Discrete systems are described mathematically by the variables that depend only on time. On the other hand, continuous systems are described by variables that depend on time and space. And therefore, the equations of motion of discrete systems are described by ordinary differential equations, whereas the equations of motion for continuous systems are governed by partial differential equations. There have been many interesting studies in recent years of the nonlinear behaviour of strings in vibration, see Stulov and Kartofelev, 3 Issanchou et al., 4 Horgan and Chan, 5 Peradze, 6 and therein. The Kirchhoff's model takes into account the changes in length of the string produced by transverse vibrations (see Peradze 6 ). It was proposed by Kirchhoff 7 as an extension of the classical D'Alembert's wave equation for free vibrations of elastic strings. In recent years, many kinds of Kirchhoff-type equations are derived and studied by various methods, for example, in the literature. 6, [8] [9] [10] [11] [12] [13] 15 In this paper, we consider the following systems of Kirchhoff-type equations
uðxÞ ! 0 and vðxÞ ! 0 as jxj ! 1
where constants a; c > 0
Assume that I u; v ð Þ is the energy functional of system (1) . A weak solution sequence u n ; v n ð Þ È É of system (1) is said to be a low energy solution sequence if the energy Iðu n ; v n Þ ! 0 as n ! 1. A low energy solution sequence u n ; v n ð Þ È É is a small solution sequence if ðu n ; v n Þ ! ð0; 0Þ as n ! 1. Cheng et al. 9 studied a p; q ð Þ -Kirchhoff type system. Recently, Wu 14 obtained a sequence of high energy solutions of system (1). After presenting a new proof technique, Zhou et al. 16 improved the results obtained in Wu.
14 Motivated largely by the work of Zhou et al., 16 we are going to study the low energy solutions of system (1) by the variational approaches in this paper.
In order to state our main result, we need the following assumptions. V ð Þ V 2 C R N ; R À Á satisfies inf VðxÞ ! a 1 > 0 and for each M > 0, measfx 2 R N : VðxÞ Mg < þ1, where a 1 is a constant and meas denote the Lebesgue measure in R N . f 1 ð Þ There exist p 2 ð1; 2Þ, q 2 ½2; 2 Ã Þ, C > 0 and a positive continuous function Remark: Here, we need to point out that only the conditions of potential V ð Þ and f 3 ð Þ, which is a basic condition for finding infinitely many solutions, are the same with Zhou et al. 16 Moreover, Zhou et al. 16 mainly used the Z 2 version of the mountain pass theorem to prove the results, while our proof depends on a cut-off technique and the below version of mountain pass theorem.
Our main result is the following theorem. 
Preliminaries
with the norm
with the inner product and the norm
Then X is a Hilbert space. Moreover, it is well known that the embedding X& L s ðR N Þ, 2 s < 2 Ã is compact under the assumption V ð Þ. For any ðu; vÞ; ðu; wÞ 2 X Â X, define an inner product hÁ; Ái and a norm k Á k on X Â X by hðu; vÞ; ðu; wÞi ¼ hu; ui þ hv; wi and
Then E ¼ X Â X is a Hilbert space and by the semi-inverse method [17] [18] [19] we see that a weak solution of the system (1) is a critical point on E of the following functional I Iðu; vÞ ¼ a 2
By a standard argument, we have the following Lemma. ð Þ holds, then every bounded PS sequence fðu n ; v n Þg & E of I has a convergent subsequence.
Proof. Since fðu n ; v n Þg & E is bounded and the embedding X& L s ðR N Þ is compact for each s 2 ½2; 2 Ã Þ, passing a subsequence, we can assume that u n * u; v n * v in X and
The boundedness of u n f g in X implies
as n ! þ1: Moreover, by f 1 ð Þ and H€ older inequality, we have
. Consequently, by I 0 u n ; v n ð Þ ! 0 and u n * u in X, we know that ku n À uk X ! 0. Using the same method, we can prove kv n À vk X ! 0. Hence u n ; v n ð Þ ! u; v ð Þ in E. This completes the proof. 
Existence of low energy small solutions
We consider the existence of low energy small solutions of system (1) in this section. Our proof of Theorem 1 depends on a cut-off technique and the below version of mountain pass theorem due to Kajikiya.
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Theorem 2. Let E be an infinite dimensional Banach space and I 2 C 1 E; R ð Þ satisfies A 1 ð Þ and A 2 ð Þ below. A 1 ð Þ I is even, bounded from below, I 0 ð Þ ¼ 0 and I satisfies the PS condition. A 2 ð Þ For each k 2 N, there exists an A k 2 C k such that sup u2A k IðuÞ < 0, where
is a closed symmetric set such that 0 6 2 A and the genus cðAÞ ! kg Then either i ð Þ or ii ð Þ below holds. i ð Þ There exists a sequence u n f g such that I 0 u n ð Þ ¼ 0, I u n ð Þ < 0 and u n ! 0. ii ð Þ There exist two sequences u n f g and v n f g such that
ð Þ < 0, and I v n ð Þ ! 0 and v n f g converges to a nonzero limit. Choose l d 2 , where d is the constant appearing in f 2 ð Þ. We take an even function h 2 C 1 ðR; RÞ such that 0 hðtÞ 1, h t ð Þ ¼ 1 for jtj l, h t ð Þ ¼ 0 for jtj ! 2l, and h t ð Þ is decreasing in l; 2l ½ . Consider the equations
uðxÞ ! 0 and vðxÞ ! 0 as x j j ! 1
We would like to prove that equation (2) has a sequence u n ; v n ð Þ È É of weak solutions with ðu n ; v n Þ ! ð0; 0Þ in E and k u n ; v n ð Þ k L 1 l for all n, then the sequence u n ; v n ð Þ È É will be the weak solutions sequence of equation (1).
Define a functional I h on E by
for all ðu; vÞ 2 E, where 
and every bounded PS sequence u n ; v n ð Þ È É & E of I h has a convergent subsequence.
We need the following Lemmas. 
Proof. If the conclusion is false, then there exist k 0 > 0 and ðu n ; v n Þ 2Ẽn ð0;
, then w n is well defined since ðu n ; v n Þ 6 ¼ ð0; 0Þ. Note thatẼ is finite dimensional. There exists a finite dimensional subspaceX of X such that jðu n ; v n Þj 2X for every n. Moreover, w n f g is bounded inX since all norms are equivalent in a dimensional space. We can assume that, up to a subsequence, w n ! w in X and hence w n ! w in L 2 ðR N Þ, w n ðxÞ ! wðxÞ a.e. x 2 R N and jðu n ; v n Þj ! 0 a.e. x 2 R N .
Since k u n ; v n ð Þ k 2 < 1 n À Árþ1 2Àr and meas x 2 R N : fðxÞh jðu n ; v n Þj ð Þ j w n j r ! n r kw n k 2Àr 2 n o < 1 n for all n > k 0 , we obtain meas x 2 R N : fðxÞh jðu n ; v n Þj ð Þ j w n j r ! 1 n n o < 1 n for all n > k 0 , which implies that fðxÞh u n ; v n ð Þ w n j j r converges to 0 in measure.
On the other hand, it is obvious that fðxÞh u n ; v n ð Þ w n j j r converges to fðxÞjwj r in measure. Since kwk 2 ¼ 1 and fðxÞ is positive, fðxÞjvj r 6 ¼ 0. This is a contradiction. The proof is completed.
Lemma 5. If u n ; v n ð Þ È É is a sequence of critical points of I h with ðu n ; v n Þ ! ð0; 0Þ in E, then, up to a subsequence,
Proof. For T > l 2 and ðu; vÞ 2 E, define u T ¼ u for juj T and u T ¼ ðsign uÞT for u j j > T. Noting that ðu n ; v n Þ is a critical point of I h , we have
for any ðu; wÞ 2 E. Define w n ¼
. For r ! 0, taking ðu; wÞ ¼ v n v T n 2r ; 0 as a test function in equation (3), we have
By f 1 ð Þ, there exists constants c 0 such that
ffiffi 2 p and ðu; vÞ j j 2l, which implies
c 0 ðr þ 1Þ ½ 
Conclusions
Low energy oscillators arise in many practical applications, which have been ignored by many researchers. Our paper shows that the low energy can induce various solutions, which might be dangerous to a structure or a machine, or a system. This paper sheds a new light on how to deal with small solutions of such systems.
